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Abstract 

Let o~(x) be a primitive polynomial of degree n over Z/p e Z with p a prime, and let G be the set 
of primitive linear recurring sequences generated by a{x). A map / on Z/p e Z naturally induces 
a map / on G, mapping a sequence (. . . , Sj_i, s,, s i+ t, . . . ) to (. . . , /(s,*-i), /(s<), /(s,-+i), • • • )■ 
Whether the induced map / is injective on G is studied. If p > 3 and {x^ p _1 ' — l) /p 2 ^ a 
mod (p, o~(x)) for any a G F p , then / is injective if and only if for any m-th root of unity 
7, where m is a prime divisor of p — 1, there exists a € Z/p e Z such that / is not constant 
on {7*0 : 1 < i < to}. Furthermore, conventionally a G 1jp e 1 is identified with the vector 
(do, Oi, . . . , a e _i) G Fp, where a = a + a\p + ■ ■ ■ + a^ip^ 1 and a, G {0, 1, . . . ,p — 1}. Then for 
p > 3 three kinds of maps below induce injective maps on G: 

f(x Q , . . . ,X e _i) = I^/ltlo^l,- ■ -,Xe-2) + f2(X0,X 1 , . . .,X e - 2 ), 

where 2 < I < p, {x^ 1 - 1) |/i and x f/i! 

/(£0, ■ ■ • ,«e-l) = ^e-lCfl'O^fe) + gi(x ,Xi, . . . ,Xk-lj) + fi{XQ,Xl, . . . ,X e - 2 ), 

where deggo > 1 if 1 < ^ < e ~ 2, xo f go if fc = 0, and gcd(p — l,degpo + 1) = 1; 

f(x , . . .,X e -l) = fo(x e -l)fl{xo,Xi, . . .,X e - 2 ) + f2(xo,Xl, . . . ,X e - 2 ), 

where 1 < deg/o < p, (a;^ -1 — 1) /i(0, 0, . . . , 0) ^ and cr(x) is strongly primitive. 

Key Words: residue class ring, p-adic ring, compressing map, primitive sequence, equivalence 
closure. 



1 Introduction 

Pseudorandom sequences play a significant role in coding, cryptography and communication 
systems. A kind of candidates are compressed sequences derived from a linear feedback shift 

"This work was supported by the Applied Basic Research Program of the Sichuan Province, P. R. China(Grant 
No. 2011JY0143). 
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register(abbr. LFSR) over the residue class ring Z/p e Z, where p is a prime [7^[9Ul2 1[T4"lll5l[2"5l l26] . 
As in Figdl such a sequence generator consists of a compressing map / defined on Z/p e Z and an 



Ring-LFSR -n^output 



Figure f : A PRNG by ring-LFSR 

LFSR abiding by a linear recurring relation s(i) = —c n -\s{i — 1) — ■ ■ ■ — cqs(i — n) over Z/p e Z. The 
LFSR in Fig(T]has its characteristic polynomial 

a( x ) = x n + Cn-ix™" 1 + • • • + c , Ci G Z/p e Z. (1) 

If min{0 < m G Z : <r(x) | x m — 1} = p e ~ 1 (p n — 1), then o~{x) is said to be primitive. Unless e = 
p = 2 let be the polynomial over F p satisfying /i(x) = (s p ' p " -1 ' — l) /p 2 mod (p,a(x)). If 
is primitive and additionally degh(x) > 1, then cr(x)is said to be strongly primitive. 

The compressing map / in FigJT] naturally induces a map / on the set of primitive sequences 
generated by a(x). Specifically, a sequence (. . . , Sj_i, Si, Sj+i, . . . ) is mapped to (. . . , f(si), 
/(sj+i), . . . ). If the induced map / is injective, / is called entropy-preserving [IU[23]. Entropy 
preservation of compressing maps has hitherto attracted extensive study [Tll8l[T5 l [T6 l [T9 l [2"3 l [2 ^ 126 1 
[30 | l34 1 l35] . Given an odd prime p, for an integer M which is not a power of p and two primitive 
sequences a and b outputted from the same generator, |35| proved that a = b mod M if and only 
if a = b. Since a € Z/p e Z has a unique representative written as a = ao + a\p + • • • + a e _ip e_1 , 
Oi G {0,l,...,p- 1}, in [3IBllI5llI5ll23lCail2Bll3nil33lE5! a function Z/p e Z -> F p is naturally 
interpreted as an e-variable polynomial over ¥ p , and a sequence s over Z/j/Z is written uniquely 
as s = s*o + s\p+ • • • + s e -\p e ~ l , where Sj is a sequence over {0, 1, ... ,p — 1}, i = 0, 1, . . . , e — 1. It is 
known by [7,8, 12J that the highest level sequence s e _i of a primitive sequence s contains the same 
information as s. For p > 5 and e > 2, Zhu and Qi [30J designed a family of entropy-preserving 
maps 

f(x Q , x e -i) = xl^ + f 2 {x , x e - 2 ), (2) 

where 2 < £ < p — 1. Besides, given p > 3 and e > 3, Sun and Qi [23] found a kind of entropy- 
preserving maps 

f(x , . . . ,x e _i) = x e -i(g (x e - 2 ) +gi(x Q ,x 1} . . .,x e -z)) +52(^0, • • • ,x e - 2 ), (3) 

where deggo > 2 and gcd(l + deg(70)P — 1) = 1- Furthermore, thanks to [151 - 11 7| l24 [l30jl34] . provided 
that o~(x) is strongly primitive, the compressing map 

f(x , . . . , x e -i) = g (x e -i) + gi(x , x e _ 2 ), (4) 

is entropy-preserving, where 1 < degg'o < V ~ 1- Additionally, pseudorandom properties of the 
highest level sequences were studied, e.g. distribution of zeros and ones [31 El [TTl H81 [22] , linear 
complexity [3l|9] and nonlinear complexity [32]. Moreover, [271[3TJ[33, 35J gave compressing maps 
such that distribution of zeros in the compressed sequence implies all information of the original 
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primitive sequence. Recently, entropy preservation of maximal length sequences over Z/iVZ, where 
N is an odd square-free integer, is also considered [T1 I281I29] . 

Our contribution. For most cases, particularly p > 3, this article concentrates on the inherent 
information of a map which yields the same compressed sequence from distinct primitive sequences. 
If p is an odd prime and (x^ pn ~^ — l) /p 2 ^ a mod (p,a(x)) for any a € F p , then a map ip on 
Z/p e Z is entropy-preserving if and only if for any m-th root of unity 7, where m is a prime 
divisor of p — 1, there exists a € Z/p e Z such that i[) is not constant on |7*a:l<i<m}. We 
also give a sufficient condition of entropy preservation, and thereby construct three families of 
entropy-preserving maps for p > 3 as below: 

f(x , x e -i) = x E e _ x fi(x Q , xi, . . . , x e _ 2 ) + f%{xo, xi,..., x e _ 2 ), 

where 2 < £ < p, (xq -1 — 1) { /1 and xq \ /1; 

/(x , • • • ,x e _i) = x e -i(g (x k ) +gi(x ,xi, . . .,x k -i)) + f2(xo,x 1 , . . . ,x e _ 2 ), 

where deg go > 1 if 1 < k < e — 2, xo \ go if k = 0, and gcd(p — 1, deg go + 1) = 1; 

/(x , • • • ,x e _i) = /o(x e -i)/i(x 0j xi, . . . ,x e _ 2 ) + /2(x ,xi, . . . ,x e _ 2 ), 

where 1 < deg fo < p, (xq -1 — 1) \ /1, /i(0, 0, . . . , 0) 7^ and cr(x) is strongly primitive. Therefore, 
previous results of [23,24,30,31] are improved. 

The rest of this article is organized as follows: In Section [21 mathematical tools are included 
and primitive sequences over Z/p e Z are interpreted by the trace function over p-adic rings. Section[3] 
is main results, focusing on how a compressing map acts on distinct primitive sequences. In Section 
HI new entropy-preserving maps are constructed. In the last section, we conclude by leaving two 
problems for future. 

2 Preliminaries 

In this section we prepare necessary mathematical notations, tools and models. 

2.1 Trace of finite fields 

Denote by ¥ q the finite field of q elements and F* = F g \{0}. Throughout let p be a prime, n 
a positive integer greater than one, and q = p n . 

The set of F p -linear functions on ¥ q is a linear space of dimension n and can be parameterized 
byF 9 . 

Lemma 1. f 131 Theorem 2.24] Denote the absolute trace function of¥ q over¥ p by tr. Then the 
linear transformation from ¥ q into ¥ p are exactly the mappings tr (a-) : x 1— > tr (ax) for all x 6 ¥ q , 
a 6 ¥ q . Furthermore, tr (ar) 7^ tr (a 2 -) whenever ct\ and a 2 are distinct elements of¥ q . 
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Lemma 2. Let 7 G F g and a G F p . T/ien 

(tr( 7 z) : tr (z) = a, z G F*} 



f {70}, i/ 7 G F 



F p , i/ 7 ^F p ,a/0, 

F p , i/ 7 ^Fp,a = 0,n>3, 

F* ^/7^Fp,a = 0,n = 2. 



Proof. If 7 G F p , then tr (72) = 7tr (2) = 7a. 

In the rest of proof suppose 7 G F g \F p , i.e. 7 P 7^ 7. Choose zq G F g satisfying tr (zq) = a, 
enforcing z = if a = 0. Denote V = {z G F* : tr (z) = a}. By Theorem 2.25], 



V 



{yP - y : y G F g \F p } , if a = 0; 

{z + y p - y ■ y g FJ , if a + 0. 



For z G V, we have 



tr (72;) =tr (7Z0) + tr (7(y p - y)) 

=tr ( 7 z ) + tr ((jyf - 7 y) - tr (y? (7P - 7)) 
=tr ( 7 z ) - tr (yP( 7 p - 7)) • 

Suppose a 7^ 0. Then {tr (72) : 2 G = F p since 

{tr (yP(Y — 7)) : y G FJ = {tr (y) : y G F J = F p . 

Suppose a = 0. Denote T = {tr (y p (7 p — 7)) : y G F g \F p }. Since tr (y p (7 p — 7)) = for any 
y G Fp, we have F?CT and conclude that G T if and only if p < g/p = |{y G F 9 : tr (y) = 0}|, 
i.e. n > 2. □ 



2.2 Sequences and equivalence relations 

In this subsection terms of binary relations are employed to describe how a compressing map 
extracts the same output from distinct sequences. The reader is referred to [5] for more about 
relations. 

Let Z be the set of integers. A sequence s over a set A is a map s : Z — > A Denote the set of 
sequences over ^4 by ^4°°. Then a map ip : A — > B naturally induces a map ip : A 00 — > defined 
by tp(s) = ip o s . 

A (binary) relation R on a set A is a subset of ^4 x A The relation i? is reflexive if (a, a) G R 
for any a G A; R is symmetric if (ai, 02) G i? implies (02, ai) G i? for any ai, 02 G A; i? is transitive 
if (01,02) G R and (02,03) G i? imply (01,03) G i? for any 01,02,03 G A The transitive closure 
of i? is the smallest transitive relation including R, denoted by R( T \ A relation that is reflexive, 
symmetric and transitive is an equivalence relation. If R is an equivalence relation on A, then the 
equivalence class of a G A is the set {b : (a,b) G R}. The equivalence closure of R is the smallest 
equivalence relation including R, denoted by R^ E \ A partition V of A is a set of pairwise disjoint 
nonempty sets whose union is A Actually, there is a canonical one-one correspondence between 
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equivalence relations on A and partitions of A. Denote by V(R) the partition determined by R^ E \ 
i.e. V{R) = {{a : (a, b) E R^} : b G A}. 

Let ij) be a map defined on A. Then ?/> defines an equivalence relation {(ai, 02) £ A x A : ij)(a\) = ^(02)}, 
denoted by R^ . We call ip to be constant on B C A if ^(61) = ^(^2) for any 61,62 G B; and ^ is 
said to admit a partition "P of A if ^ is constant on any set in V . 

Fact 1. For an equivalence relation R on A, R C i?^ i/ and only if ip admits V(R). 
Given two sequences s*i and 5*2 over A, define a relation on A by 

flA(si,s 2 ) = {(si(«'),s 2 (0) G A x A : t G Z} . 

By definition, ip(si) = 4>(s2) if and only if ijj{a\) = V( a 2) for any (01,02) G i?A (si, 5*2)1 i- e - 
Ra (si, s 2 ) C i?^, that is i? A (ai, s 2 ) (i?) C R^ because is per se an equivalence relation. 

Fact 2. Let si,s 2 G Then a map ip defined on A satisfies tp(si) = ^(5*2) if and only if 

Ra(s u s 2 )^ CR*>. 

2.3 Galois rings 

This subsection presents notations about p-adic rings and Galois rings. More about p-adic 
rings is available in [2"0ll2~I] . 

For a ring A, the multiplicative group of invertible elements is denoted by A*. For S C A 
and a £ A, denote a + S = {a + b : b G S} and aS = {ab : b G S}. For Si,S% C A, denote 
Si + S2 = {a + b : a G Si, b G S2}. 

Let Z p be the ring of p-adic integers, and let O be an unramified extension of Z p of degree n. 
For e > 0, denote A e = Z p /p e Z p and O e = Ofp e O, where A^ = Z p and Oqo = O. Always suppose 
a(x) mod p to be irreducible over ¥ p , and take O e = A e [x]/(a(x)). Since O e /pO e , as an additive 
group, is isomorphic to ¥ q , we denote ~z = z mod p G ¥ q for 2 G O e . 

The discrete valuation on O e is defined as i> (z) = max {m < e : z G p m O e } for z G O e . Given 
7 G O*, define r (7) = max{-u (7 — z) : z G ^4 e } and also a partition of ^4 e by 

C 7 = : i G Z}+p r ^A e : z E A e \ . 

From now on let W be the set of (q — l)-th roots of unity in O e and U e = 1 +pO e . Let 77 be 
a root of a(x) throughout. Due to the direct product O* = W x U e , r\ is uniquely factorized as 
n = (,u, where Q £ W and n G U e . As a multiplicative group, W is isomorphic to F*. Always 
denote ui = (u — l)/p and 

f (n-l)/p, ifp>3, 
5= ^ (n 2 -l)/4, if e>p = 2, 
[ (u — l)/p, if e = p = 2. 

Due to the Krull topology, an element of O e (resp. A e ) is, roughly speaking, considered as an 
element of 0(resp. Z p ) only pruned up to the e- level precision. For example, r (7) tells the finest 
precision at which 7 belongs to Z p . Furthermore, a continuous map under the Krull topology is 
commutative with pruning to any precision. In this article only addition, multiplication and trace 
are involved and all of them are continuous w.r.t. the Krull topology. Thereby, without ambiguity 
we denote the trace function of O e over R e by tr for any e > 1. 
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2.4 Primitive sequences over A e 

Above all, sequences generated by (t(x) can be parameterized by trace functions. Here we omit 
the detailed reasoning, which is the same as in [131 Chap. 8], only substituting p-adic rings for finite 
fields. A sequence generated by a(x) can be parameterized by a G O e as s a : s a (t) = tr (cwy*), and 
its set of LFSR-states is S a = {arf : t G Z} = {aQu 3 : i,j G Z}. Denote G e (rj) = {s a : a G O*}. 

For a, b G 7L V and a relation Ron Ai, without ambiguity we simply write (a, b) G R instead of (a 
mod p 1 , b mod p % ) G R. Given a, /3 G O*, for simplicity we denote S\ = {z G S a : tr (zS) =fi mod p] 
and two relations on A^. 

Ri (a, /3) = {(tr (z) , tr (z/3/a)) : z £ S a } ; 
R\ (a, /3) = { (tr (z) , tr (z/3/a) ) : z G S^} . 

Clearly, S% C 5 a and R% (a,/3) C ^ (q,/3). 

Fact 3. For a, b G Z p , (a, 6) G Ri (a, /3) means exactly that there exist a' , 6' G Z p satisfying a! = a 
mod b' = b mod and (a', 6') G (a, 

The rest of this subsection was given by [2tfT]li5j in the language of polynomials, and now will be 
reinterpreted in the language of p-adic rings. For z G O*, denote o (z) = min {i > : z % = 1 mod p], 
i.e. the order of z in F* The polynomial o~(x) (or a sequence s G G e {rf)) is said to be primitive 
if o k) =o — l and 5/0; the polynomial cr(x) (or a sequence s G G e {rj)) is said to be strongly 
primitive if o (^) = g — 1 and r (5) = 0. 

Remark 1. Whenp >3ore = p = 2, strong primitivity implies that 1 and 5 are linear independent 
over F p . When e > p = 2, we have 5 = ITf 2 + uT] primitivity implies r (u) = 1, i.e. ITf ^ F2; and 
strong primitivity implies that l,uT, 5 are linear independent over F2. Thus, there exist no strongly 
primitive polynomials ife>p = n = 2. Ifp = 2 and 2 { n, then <r(x) is strongly primitive if and 
only if <r(x) is primitive |15j . 

3 Main results 

For all that follows s a , sp G G e {rj) and 7 = /3/a ^ 1. 

Remark 2. To compute 7, one needs only consecutive n outputted data in s a and sp rather than 
a and j3. 

Condition 1. It holds that p > 3, r (7) = r (5) = 0, r (5 2 ) > 1 and r (<5/7) > 1- 

Remark 3. Condition Q] exactly means that 7 and S are F p -linear dependent and either of them 
is an irrational square root. Hence, if n is odd or cr(x) is not strongly primitive, then Condition Q] 
does not hold. Condition Q] excludes p = 2 because r (5) = r (<5 2 ) if p = 2. Therefore, if p > 3 and 
n is even, then only (p — \)/{p n — p) of strongly primitive polynomials do not satisfy Condition [TJ 

Theorem 1. Let p > 3 or e = p = 2. Suppose that o~(x) is primitive and ip{s a ) = ip{s^). Then one 
of the following three cases occurs: (i) ip is constant on a+p e ~ l A e for any a G A* if Condition^ does 
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not hold; (ii) ifi is constant on a + p e ~ l A e for any a G A* e or for any a G pA e if Condition^ holds; 
(Hi) 7 m = 1 mod p e , where m is a prime divisor of p— 1, and tp is constant on {07* : 1 < i < m} 
for any a G A* e (for any a G A e if o~{x) is strongly primitive). 

Theorem 2. Let p be an odd prime and let if) be a map on A e . Suppose that cr(x) is primitive and 

—2 

5 ^ F p . Then ip is injective on G e {rj) if and only if for any m-th root of unity 7 G A e , where m is 
a prime divisor of p — 1, there exists a G A e such that ip is not constant on {7*0 : 1 < i < m}. 

2 

Remark 4. In Theorem [21 S ^ ¥ p , translated into the language of polynomials, is exactly 
(xi- 1 - l) 2 /p 2 ^ a mod (p,a(x)) for any a G F p . In fact, only (3 + (-l) n )(p - l)/(2(g - 1)) 

—2 

of primitive polynomials satisfy 5 G F p . 

Remark 5. Given a finite set S and conditions in Theorem [21 the number of entropy-preserving 
maps on S can be estimated as below. Denote r (m) = e\ + e2 + • • • + ek for m = p'pp? • • ■ Pfc fc , where 
Pi,P2, ■ ■ ■ ,Pk are positive prime integers; Particularly, r (1) = 0. Define p{m) = \S\^ 1+<kP _1 )/ m ) for 
< m I (p — 1). Then the number of entropy-preserving maps from A e to S is 

n= (-i) r(m) /?M- 

m|p— 1 

Therefore, the proportion of entropy-preserving maps in all maps from A e to S is 

N/\Sf > l-logp|5| (1 ~ pe)/2 , 
sharply approaching to 1 when either p or e increases. 

The proof of Theorem Q] and Theorem [2] will be given at the end of this section. 

By Fact [Hand Fact [21 the key to decide distinctness of compressed sequences ip(s a ) and i/)(sp) 
is determining V(R e (a,/3)). 

Later we need the following lemma frequently. 

Lemma 3. Let z G S a . Assume 2 < i < e if p > 3 orp = e = 2;3<i<e if e > p = 2. Then for 
any j G Z, 

(tr 0) + jp i_1 tr (z8) , tr (72) + jp^Hr (zjS)) G 22j (a, /3) . 

Particularly, if r (7) > 1 and (fi,^) G i?^(a,/3), f/ien (f 1 + j'p 4-1 , ^2 + JP* X 7) € ^(a, /3) for 
any j G Z/pZ. 

Proof. Notice that ftr [zu^ 2 ^ ,tr (^yzu^ pt 2 ^ G i?j (a,/3). Since u Jp8 2 = l+jp 4_1 J mod p 4 , we 
have 

tr (^zu^ p J =tr (z) + jp* _1 tr (z<5) modp*, 
tr (^fzu^ p J =tr (72) + jp* _1 tr (z7#) mod p\ 

If r (7) > 1 and (17, t^) G R\ (a, /3), we use tr (zj5) = jtv (z5) ^ mod p. □ 
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3.1 Finite field case 

In this subsection we consider e = 1, i.e. 0\ =¥ q . In this case a primitive sequence is actually 
a well-known m-sequence [13], and Gi{rf) is the set of m-sequences generated by Eq.([T]) over ¥ p . 

By Lemma El V(R e (a,/3)) = C 7 . Specifically, if 7 G F*\F P , C 7 = {F p }; if 7 G ¥*, C 7 = 
{{07* :i€Z}:a€F p }. Then noticing that F* is a cyclic group of order p — 1, we have 

Theorem 3. Let ^ be a map defined on F p . For two distinct m-sequences s a and sp, ip satisfies 
= ^(sfl) if an d on ly if ip admits C 7 . Furthermore, tp is injective on Gi(rj) if and only if for 
any prime divisor m of p — 1 and for any map f on ¥ p ip(z) ^ f (z m ). 

In the rest of this article we only consider e > 2. 



3.2 Occurring elements 

In this subsection we study {s a (i) : i G Z}, i.e. the elements of A e occurring in s a . 

Lemma 4. Assume (i) p > 3 or e = p = 2, and u G S^; or (ii) e > p = 2 and v G S\ 
satisfying tr(z/ui) = 1 mod 2. Then for any a G tr (v) +p m A e , m > 1, there exists a unique 
z G |i/u pm lj : j G z| satisfying tr (z) = a. 

Proof. Suppose a — tr (v) G p l R e for some i > m. Denote Z{ = za Since tr (z{5) = tr (zv5) ^ 
mod p and 

u p> 3 ' = 1 + jp l <5 mod 
for 1 < i < e when p > 3 or e = p = 2, or for 2 < i < e when e > p = 2, we take 

j = (a — tr (zj))(tr (v5))~ 1 /p l mod p 

and Zi + \ = ZiU v% 3 \ yielding 

tr (zi+i) = tr (zi) + jp l tr (v5) = a mod p l+1 . 

Unless m = 1 and e > p = 2, using induction on i gives z = z e G |z/u pm lj : j G z| with tr (z) = a. 
Finally, for m = 1 and e > p = 2, due to tr {u\u) = 1 mod 2, similar to the proof for case e = p = 2, 
we have £ {y, vu} with tr (2:2) = a mod 4. Then the induction above is also valid. □ 

Theorem 4. Let s a G G e (r/). If a(x) is primitive, then {s a (i) : i G Z} D ^4*. If a(x) is strongly 
primitive, then {s a (i) : z G Z} = A e . 



Proof. Choose any a G A e . 

Suppose p > 3 or e = p = 2. If there exists z satisfying 



tr (z) = a mod p, , . 

tr (zJ) ^ mod p, 



then by Lemma HI a G {s a (i) : i £ Z}. 
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Suppose e > p = 2. Similarly, if there exists z satisfying 

tr (z) = a mod 2, 
tr (zui) = 1 mod 2, (6) 
tr (zS) = 1 mod 2, 

then by Lemma HI a G {s a (i) : i € Z}. 

Finally, by Remark [1] and Lemma [H if o~(x) is strongly primitive and a G A e , or if o~(x) is 
primitive and a € A^, then Eq.([5]) and Eq.(|6|) are solvable. □ 

There exists s G G e (n) with : i G Z} C A e , and below is such an example. 

Example 1. Take e = p = 3. Denote by w a root of the polynomial x 2 + 2x + 2 over Z/27Z. 
Let ?? = 5w + 1, then u = —2 mod 9. The minimal polynomial of n is x 2 + 8x — 13, and it is 
primitive, but not strongly primitive. For the sequence s(i) = — tr ((12-u; + 13)??*), {s(i) : i G Z} = 
{±1, ±2, ±3, ±4, ±5, ±7, ±8, ±10, ±11, ±13}. 



3.3 Case r (7) = 

Lemma 5. Let r (7) = 0. // Condition^ holds, then pA e C S for some S G V{R e (a, /?))• Suppose 
that Condition^ does not hold. If a{x) is primitive and p >2>(or e = p = 2), then A* C S for some 
S G V(R e (a, ft)). If o[x) is primitive and e > p = 2, then either A* e C S for some S G V(R e (a, ft)) 
or 2A e C S 1 /or some S G "P(i? e (a, ft)). If a(x) is strongly primitive, then V{R e (a, ft)) = {A e }. 

Proof. For simplicity we call a G Z p to be good for Ri (a, ft) if there exists 6 £ Z p such that 
(a + jp l ~ l , b) G -R« (a, /3) for any j G Z, or (6, o + jp 1-1 ) G -Rj (a, /3) for any j G Z. Clearly, if a is 
good for i?j (q, ft), then (a, a + jp 1 ^ 1 ) G i?j (a, fty' for any j G Z. 

Let -Bf C |tr (z) : z G 5jj (~l satisfy that each element of Bf is good for R e (a,ft) and 

{a mod p ! : a € -Bf+i} C -Bf for any i > 0. Use induction on i to show -Bf C S for some 5 G 
V{R e (a, )3)). By Lemma[2j V{R\ (a, = {F p }. Assume that the proof is done for i, and below we 
show Bf +1 C S for some S G V(R i+ i (a,f3)). Choose any b ,bi G Bf +1 . Since £f +1/ V-Bf +1 C .Bf, 
we have (60,61) G Ri (a, ft)^ E \ By Fact [3j there exists zq,zi G Aj + i such that zq = bo mod 
zi = 61 mod and (zq,zi) G R4+1 (a, ft)^ E \ Since 60,61 are good for Ri + \(a,ft), we have 

(zo,bo) G Ri+i (a, (3)^ and (21,61) G -Rj+i (a, ft)^ E \ By transitivity of i?j+i (a, ft)^ E \ we have 
(60,61) G i? m (a,/3) (£) . Thus, Bf +1 C 5 for some S G P^+i (a,/3)). 

Furthermore, if for any a G A e \B§ there is 6 G -Bf with (a,b) G R e {ot, ft) , then {^4 e } = 
P(-R e (&,ft)) by transitivity. 

The rest of proof is explicitly presenting -Bf with properties required above. 
Case p > 3 or e = p = 2. 
If there exists w satisfying 

tr (w) = a mod p, 

tr (6w) ^ mod p, (7) 
tr (•ydw) = mod p, 
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by Lemma U] there exists z G such that tr (z) = a and tr (zj5) = mod p. By Lemma [3j 
(a + jp e ~ l , tr (27)) G i? e (a, /3) for any j G Z/pZ. Hence, a is good for i? e (a, /3). If there exists w 
satisfying 

tr (771;) = a mod p, 

tr (7<5u;) ^ mod p, (8) 
tr (5w) = mod p, 

by Lemma HI there exists z G Slj satisfying tr (z) = a and tr(z<5/7) = mod p. By Lemma [3j 
(tr (z/7) , a + jp e_1 ) G i? e (a, /3) for any j G TLjpTL. Hence, a is good for i? e (a, /?). 

Suppose that <r(x) is strongly primitive and Condition [TJ does not hold, (i) If 1, 5 and jS 
are linear independent over F p , then Eq.([7]) is solvable, (ii) If 7, 5 and 7<5 are linear independent 
over F p , then Eq.([8]) is solvable, (hi) If 7<5 = tq + r\5, r\ 7^ 0, then there exists w satisfying 
tr (w) = a and tr (5w) = —roa/ri, and hence tr ( r y5w) = 0. Thus, if a 7^ 0, there exists w G O* 
satisfying Eq.([7]). (iv) If 5 = ro7 + r^yS, r\ 7^ 0, then there exists w satisfying tr (jw) = a and 
tr (~/8w) = — roa/ri, and hence tr (5w) = 0. Thus, if a 7^ 0, there exists w satisfying Eq.(|8]). If none 
of cases (i),(ii),(iii),(iv) holds, then Condition Q] is true. Therefore, if cr(x) is strongly primitive 
and Condition [T] does not hold, then any a G Z* is good for R e (a,(3). Thus, we take Bf = A*. 
Furthermore, since 1,5 are linear independent over ¥ p and 1,7 are linear independent over F p , 

tr (w) = mod p, 
tr (w5) ^ mod p, 
tr (w"f) ^ mod p, 

is solvable. By Lemma [H for any a G pA e there exists b G Z* good for R e (a, (3) satisfying 

(a, b) G R e (a,P) C R e {a,p) {E) . 

Now suppose that a[x) is primitive but not strongly primitive. Since 5 G F*, Eq.([7]) is equiv- 
alent to 

J tr (w) = a mod p, 
\ tr (710) = mod p, 

which is solvable since 7 £ F p . Hence, any a G A* is good for i? e (a, /?) and we also take i?t = ^4*. 
Now suppose that Condition [TJ holds. For a G pA e , Eq.flTJ) is equivalent to 

J tr (u>) = mod p, 
\ tr (5w) ^ mod p, 

which is solvable since 5 (/L ¥ p . Hence, any a G pA e is good for R e (a, (3) and take B§ = pA e - 
Case e > p = 2. Recall u\ = (u — l)/2. 

Assume that cr(x) is strongly primitive. By Remark HI n > 3. Similar to the proof of case 
p > 3, if there exists w satisfying 

tr (w) = a mod 2, 

tr {u\w) = 1 mod 2, 

tr (5w) = 1 mod 2, 

tr (7<5u;) = mod 2, 
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or 

tr (710) = a mod 2, 

tr (m-yw) = 1 mod 2, 

tr {^j5w) = 1 mod 2, 

tr (5w) = mod 2, 

then a is good for R e (a, Equivalently, it is sufficient to consider 

tr [w] = a mod 2, 

tx{u\w) = 1 mod 2, . . 

tr (5w) = 1 mod 2, 

tr (wjS) tr (w8/^) = mod 2. 

Recall that 1, Hf and <5 are linear independent over F2. If ^7 or 5/j is not linear representable by 
1, Hi and 5, then Eq.(|9|) is solvable and any a G A e is good for i? e (a, /3). If so, we take B§ = A* 
for e > 1. If £7 is not linear representable by 1, Hi and 5, then 1, Hf, yul are independent over F2 
and Eq.([7]) is solvable for e = 2; if 6/j is not linear representable by 1, Hf and 5, then 7, Hi, 7H1 
are independent over F2 and Eq.dHJ) is solvable for e = 2; thus, -Bf is well-defined. Provided with 
5 = u\ + HT ^ F2, by solving 

aoa + ai + a 2 = 1, 
6 « + 61 + 62 = 1, 
ao + aiHI + a-jj) = Sj, 
k 6 + 6iHT + 6 2 5 = 5/7, 

where 00, ai, 02, 60, 61, 62 € F2, in Tabled] we list all cases in which Eq.(|9]) has no solution. In Table 
[T]the last column f Ul shows the minimal polynomial of Hf over F2. For any fixed u\ and 7 in Table 

Table 1: Cases: Eq.Q is not solvable 



a 


ao 


ai 


£12 


60 


61 


62 


7 


I/7 


tr (ury) 


tr (w/j) 


fui 








1 





1 





1 


u\ 


1 +HI 





1 


x 3 + x 2 + 1 





1 





1 





1 





1 +HT 


u\ 


1 





x 3 + x 2 + 1 





1 





1 


1 


1 





HI 


l + u\ 


1 





x 3 + X + 1 





1 


1 





1 





1 


l_+u\ 


Ul 





1 


x 3 + X + 1 


1 





1 





1 








u\+ul 


1 +HT 


1 





x 3 + X + 1 


1 


1 











1 





1 + HT 


uT + uf 





1 


x 3 + X + 1 



[H a does not occur both as and as 1, implying that either any a G A* is good for i? e (a,/3) or 
any a G 2^4 e is good for R e (a,/3). For the case a = 1 in Table [T] we take -Bf = 2A e for e > 1. For 
the case o = in Table Q] we take -Bf = A* e for e > 1. For each case in Table [H either 1, Hf, 7H1 
are independent over F2 and Eq.© is solvable, or 7, Hf, 7H1 are independent over F2 and Eq.® is 
solvable. Thus, i?| is well-defined. Simultaneously, for each case in Table [TJ either tr (wry) = 1 + a 
or tr (w/j) =1+5, implying there exists 6 good for R e (a, (3) satisfying (a, 6) G R e (a, /3)^ E \ 
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Assume that cr(x) is primitive but not strongly primitive. Then 5 = u\ + u\ = 1. For a G A* e , 
Eq.Q is equivalent to 

tr (w) = 1 mod 2, 

tr (uiw) = 1 mod 2, 
tr (wry) tr (w/^f) = mod 2, 

which is always solvable since in our scenario 

a + ai = 1, 
6 + &i = 1, 
a + aiHI = 7, 
k b + = I/7, 

has no solution, where ao, ai, 60, 61 € F2. Thus, any a G Z?5 is good for R e (a, j3) and take Bf = A\. 
Under this case either Eq.([7]) or Eq.([8|) is solvable for a G Ai and hence B\ is also well-defined. 

Each element of Be is good for R e (a, /?), and {a mod p e : a G -Bf+i} = -Bf- By Theorem[4j 

Bf C {tr(z) : z G S£n5j}. □ 

By Fact [JJ Fact [2] and Lemma El 

Theorem 5. Let s a , sp G G e (rj) and r (7) = 0. Let ifj be a map defined on A e . If Conditional holds 
and ip{s a ) = ip(s/s), then if) is constant on pA e . Suppose that Conditional does not hold. If o~(x) 
is strongly primitive, then ip(s a ) = ip(sg) if and only if ip is constant on A e . If a(x) is primitive, 
P > 3 (or e = p = 2) and ip(s a ) = ^{sp), then ip is constant on A* e . If o~{x) is primitive, e > p = 2 
and i^{s a ) = 'ip(sp), then ip is constant on A* e or tp is constant on pA e . 

Below is an example under Condition [TJ 

Example 2. Choose p = 3, e = n = 2, and let w be a root of x 2 + 2x + 2. Furthermore, n = w — 4 
and 8 = w + 1. See 5 2 = —1. Let a = 1 and = w + 1. Then 

V(R 2 (a, (3)) = {{±4} , {0, ±1, ±2, ±3}} . 

Actually, the example in [27, Remark 8] also satisfies Condition [TJ 

It remains interesting to consider wether the following conjecture is true. 

Conjecture 1. // Condition\]\is true, then V{R e (a,/3)) = {A e } when the extension degree n of O 
over Z p is large enough. 

3.4 Case r (7) > 1 

A subset S C 7j p is said to be bold in i?j (a, (3) if (t>i, 1^2) £ R\ («> /?) for any v±, v 2 G 5. 
The key fact we need is 

Lemma 6. Suppose p > 3 or r (7) > 2. Xei <r(x) 6e primitive and 1 < r (7) < e. If S+p e ~ lr L p C S 1 
anc? S 1 is bold in R e (a,f3), then S is also bold in R e +i 
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Proof. Let 7 = 70(1 + 7tf> ), where i = r (7), i.e. 70 G 7L V and 7^ G 0*\L p . 

Choose any a € 5. Since S" + p e ~ lr L p is bold in 72 e (a,/3), by Lemma H and Fact El there 
exist z ,o, «i,0) • • • , Zmfi G S£ such that tr (z ,o) = a mod p e+1 , tr (^,0) - tr (20,0) G p e_1 Z*, and 
tr (^j,o) = tr (7^-1,0) mod p e+1 , i = 1,2, ... ,m. Denote A = tr (z m> o) — tr (zo,o)- By Lemma [H 
we can choose z m) o G zo,o + p e ~ 1 0*. Notice that 7™ G 1 + p £ Z p . 

For i = 1, 2, . . . , m and j = 1, 2, . . . , p — 1, iteratively define 



2b,j = Zm,j-l mod p e+i , 



where U = 7*A/(p e Hr (5zi t o)) mod p and 

fc*j = (tr (7^-ij) - tr (z ifi u jUpe 2 ^ / (p e tr (z ifi S)) mod p. 
For i = 1, 2, . . . , m and j = 1, 2, . . . ,p — 1, 
tr (7^-ij) = tr (jzi^ou^' 1 ^' 2 ) = tr (z ij0 ) + jf&p 6 ' 1 = tr (z i)0 n j '* ipe ~ 2 ) mod p e 



hence tr (zjj) = tr (7^_ 1 j) mod p e+1 , i.e. (tr (^i-ij) , tr (zij)) G (a, /3). 

Denote tijj = (zij/zifi — l)/p e ~ 1 . Notice that Uij = jfyS mod p for i = 1,2, ... ,m and 
j = 1, 2, . . . ,p — 1. By LemmaEl tr (^o.o^oj) = jA/p e_1 mod p. 

Since for i = 0, 1, . . . , m — 1, 
tr (z i+ ij)-tr (24+1,0) = tr ((^j - ^,0)7) = 7o(tr (zy)-tr (z ii0 ))+p f+e_1 7otr (7i^,o«i,i) mod p e+1 , 
we have 

(tr (z m j) - tr (z j)) - (tr (z mfi ) - tr (z ,o)) 
= (tr (z m j) - tr (z m ,o)) - (tr (z j) - tr (zr ,o)) 

m— 1 

^( 7o m - l)(tr (zqj) - tr (z ,o)) + To*"' 1 * (7^o«ij) mod p e +\ 



8=0 



yielding 



p-1 m-l 

A'=EE(tr(«i+ij)-tr(^)) 
j=0 i=0 

p-i 

= ^(tr (zmj) -tr(* ,j)) 
j=0 

p—1 m— 1 p— 1 

^ P A + ( 7o m - l)? 6 " 1 tr ( z o,o^ 0j ) + P^ 6 " 1 E ^ E tr &,o«ij7*) mod p e+1 . 
3=1 i=0 j=l 
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For I > 2, it is clear that A' = pA mod p e+1 and v (A') = e. For p > 3, 

p-l 

tr (j8b,o«oj) =Ap(p - l)/(2p e ^ 1 ) = mod p; 

i=i 
p-i 

^ tr {zifiUijji) =tr (zifid-fi) p(p - l)/2 = mod p. 
i=i 

and recalling — 1 € p e A e , we have A' = pA mod p e+1 and hence v (A') = e. 

Since (tr (zij) , tr (zj + ij)) G ^e+l ( a > /-0 for i = 0, 1, . . . , m — 1 and j = 0, 1, . . . ,p — 1, then 
by transitivity (tr (^o,o) > tr (z m ,p-i)) S -Re+i (a, /?), i-e. (a,a + A ; ) € i?g +1 (a,/3). By Lemma O 
a + p e Z p is bold in R^ +1 (a, f3). Furthermore, given that S is bold in R\ (a,/3), by transitivity S is 
hence also bold in x (a,/3). □ 

Lemma 7. Assume p>3ore = p = 2, and let 1 < r (7) < e. If cr(x) is primitive, then 
{z7* : i G 'L]+p r ^ A e G P(-R e (a, /?)) /or any z £ A* e . Ifa(x) is strongly primitive, then V(R e (a, /3)) 

Proof. Let 7 = 70(1 + Jijr), where ^ = r (7), i.e. 70 G Z p and 7^ G 0*\Z p . 
Firstly, if z G {s a (i) : i £ Z} then 

{27* mod : * G Z} G (a,/3)). (10) 

Now consider e = p = 2 and r (7) = 1. Without loss of generality, suppose 70 = 1. By Lemma 
[1] for any a G {0, 1, 2, 3}, there exists w satisfying 

tr (w) = a mod 2, 
tr (u>7i) = 1 mod 2. 

Thus (a, a + 2) G R2 (a, 0) for some a G {0,2} and for some a G {1,3}, implying 7 ? (i?2 (ck, /?)) = 
{{0,2} {1,3}}. 

Now consider p > 3. Given w satisfying 

tr (w) = a mod p, . . 

tr (w8) ^ mod p, 

we have (a, 7o(a + p e ti (wye))) G (a>,/3). Denote 

D = |tr (wye) : tr = a mod p,w & 5^ j. . 

By Lemma [H if 1,5, 77 are F p -linear independent, then D = ¥ p ; otherwise, if 77 = ro + r\5 then 
D = F p \{roa}. Thus, by LemmaEl for t G {0, 1, . . . ,p — 1}, we have (a + tp i ,jo( 1 + (j + tja)p ) £ 
(a, /3) for j G {0, 1, ... ,p — 1} at most except for (a + tp , 70a + (roa + tjo)p ) . Note p > 3 

and then for any a and j G Z/pZ, (a, «7o + jp £ ) G i?}?, x (a, /?) . Therefore, by transitivity the 
set {cr/ 1 : i G Z} + p £ ^Lj + i is bold in (a, ft). By Lemma El {07* : j G Z} + p e A e is bold in 
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R e (a, j3). The set {07* : i G Z} + pfA e is included in an equivalence class of R^ +1 (a, /3) , and it 
is an equivalence class by Fact [3] and Eq. (flOl) . 

If o"(x) is primitive and a G Z*, then Eq. ffTT]) is solvable, and hence {07* : i G Z} + pfA e G 
V{R e (a, /?)). If <r(x) is strongly primitive, then Eq. (fTT|) is solvable for any a G Z p , and hence 
7?(i? e (a,/3)) = {{ay : i G Z} +p^ e : a G A e ) . □ 

Condition 2. Assume p = 2 and 

jtr 0) mod 4 : tr ( Ul z) = 0, z/a G w| = {0, 1, 2, 3} . 

Lemma 8. Let e > p = 2 and £ = r (7) > 2. Assume 7 = 70(1 + 2 where 70 G Z2. Suppose 
(i) ~t £ {<5, 1 + 5} and Condition^ holds, or (ii) ~i £ {l + nf, 1 + nT 2 ; 1 + <5> W> wT 2 ; <5}- If o~{x) is 
primitive, then {aj l : i G Z} +j/j4 e G V[R e (a,/3)) /or a G Z^; If o~(x) is strongly primitive, then 
V(Re(a,P))=C y . 

Proof. Similar to the proof of Lemma[71 due to Lemma[6l it is sufficient to show that {07* : i G Z} + 
p e Ae + i is bold in Rg+x (a, j3) for any a G {s a (i) : i G Z}. 

Choose any a G {s a (i) : i G Z} and 6 G F2. 

If (ii) holds, i.e. l,u%, S, 7J are F2-linear independent, then for both 6 = and 6 = 1, there 
exists w G Fq satisfying 

tr (u;) = a mod 2, 
tr(wni) = 1 mod 2, 
tr (w<5) = 1 mod 2, 
tr (wji) = 6 mod 2. 

By Lemma HJ there exists z G 5^ such that tr (z) = a mod and tr (27) = 7otr (z) + 
p e b modp e+1 . Thus, (a, 70a) G R^, 1 (a, fS) and (a,7oa + ^/) G R^ +l (a,(3). By transitivity, 
{07* :ieZ} +p e Ap + i is bold in (a,/3). 

Now suppose that (i) holds. If Eq. (|12j) is solvable for both 6 = and 6 = 1, the statement also 
holds. Otherwise, 7^ = ro + uT + 7-2 5, where ro, r2 G F2, and for some 60 G F2 Eq. (ll2|) is solvable 
for 6 = 60 but insolvable for 6 = 60 + 1 G {0, 1}. See tr (wye) = r$a + 1 + r2 = 60 mod 2. Thanks 
to Condition there exists w G ¥ q satisfying 

tr (w) = a mod 4, 

tr(wni) = mod 2, 

tr (w5) = 1 mod 2, 

tr (kt^) = 60 + I mod 2. 

Since now tr (wj() = r^a + + r2 = 60 + 1 mod 2. By Lemma [H there exists z G such that 
tr (z) = a mod 2 e+1 and tr (2:7) = 7otr (z) +p f '(bo + 1) mod p e+1 . Thus, (a, 70a) G R/t, 1 (a, /3) and 
(a, 70a + 2^) G -R]? +1 (a, /?)• By transitivity, {07* : z G Z} + p e Ai + i is bold in it^+i (a, /3). □ 



By Fact [H Fact El Lemma [71 Lemma [8] and Theorem [H 
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Theorem 6. Let s a ,sp G G e {rf) and r (7) > 1. Assume (i) p > 3, or (ii) p = e = 2, or (Hi) 
e > r (7) > p = 2 and 77 ^ {l + «T, 1 + til 2 , 1 + 5,uT_, u\ 2 , <5} ; or (iv) e > r (7) > p = 2 and 
77 ^ {0", 1 + S} and Condition^ holds. If a(x) is primitive and ^(s a ) = i^{sp) then if) is constant 
on {07* : i 6 Z} + j/.A e /or any a G A*; if a(x) is strongly primitive, then ip(s a ) = ip(s@) if and 
only if if) admits C 7 . 

Below is an example wherein V(R e (a,f3)) is not so regular as C 7 . 

Example 3. Take p = 2 and e = 4. Let w be a root of x 4 + x + 1. Choose 7/ = —7w 3 — 6w 2 — 7w — 1, 
a = 1 and /3 = — 4u> 2 + 8w — 7. See r (7) = 2 and 72 = 1 + 5. Computation shows that 

P(fl 4 (a, /?)) = {{-1, 3, -5} , {7} , {1, -3, 5, -7} , {0, ±4, 8} , {±2, ±6}} . 

Remark 6. When o~(x) is strongly primitive, till now in our experiment of toy examples V(R e (a, j3)) ^ 
C 7 occurs only if 77 = 1 + S, even if £ = 1; and it is desirable to decide whether V(R e (a, (3)) = C 7 
for 77 E {l + ui, 1 + tIi 2 ,^!, u7 2 , o"}. 

Proof of Theorem{J\ If r (7) < e, then Statements (i) and (ii) hold by Theorem [5] and Theorem [6j 

Now suppose r (7) = e, i.e. 7 G A e . For e = p = 2, 7 = —1 and hence if> is constant 
on {±1}. For p > 3, if 7 P_1 ^ 1 mod p e , then 1 + p e_1 € {7* : i G Z} because the multiplica- 
tive group A* e is isomorphic to the additive group Z/(p — 1)Z x A e -\. Thus, if) is constant on 
{a + rp e_1 : i = 0, 1, . . . ,p — 1} for a € : i € Z}. Statements (i) and (ii) also hold. The rest 

is 7 m = 1, where 1 < m \ (p — 1). Clearly, m can be chosen to be prime. □ 

2 

Proof of Theorem^ Since cr(x) is primitive and 6 ^ ¥ p , o~(x) is actually strongly primitive. Fol- 
lowing from Theorem El Theorem [6] and Theorem [H ifi is not injective on G e (n) if and only if there 
exist < £ < e and an m-th root of unity 7 such that if) is constant on {7*0 : i G Z} +p e -A e for any 
a e A e . □ 



4 Some explicit compressing maps 

In this section we give new entropy-preserving maps from A e to F p for p > 3. 

In this section any a G A e is identified as its unique representative in {0, 1, . . . ,p e — 1}, and 
aj G F p is defined by a = ao + pai + • • • + a e _ip e_1 , where a« G {0, 1, ... ,p — 1}. In the literature 
[7,8, 15, 16,23,24,26,30,34,35 , without ambiguity a is identified with the vector (ao, a±, . . . , a e _i) G 
and thereby a map on ^4 e is explicitly written as an e- variable function on F p . Conventionally, 
each function from F p to F p is written as a multivariate polynomial in which the degree in each 
variable is less than p. 

Firstly, we give another proof of entropy preservation of the modular compression |35j . 

Theorem 7 (Zhu-Qi). Let p be an odd prime, M a positive integer not a power of p, and a map 

if){x) = x mod M defined on A e . If a(x) is primitive, then if) is injective on G e (n). 

Proof. See that M is not a power of p. Hence, for any a G A e we have ip(a + jp e ~ l ) 7^ if)(a + (j + 
l)p e ~ l ) for some j G {0, 1, ... ,p — 1}. Thus, neither Statement (i) nor (ii) of Theorem [T] holds. 
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Suppose 1 < 7 < p e and 7 m = 1 mod p e for some 1 < m \ p — 1. If M { 7 — 1, then 
^(7) 7^ ^(l)- Consider M [ 7 — 1. There exists a € .A* satisfying a = 1/(7 — 1) mod p e . Clearly, 
a < p e — 1. Hence, 07 = a + 1 and we have tp{a r )) 7^ V'( a )- Thus, Statement (hi) of Theorem [1] does 
not hold, either. 

By Theorem [H tp is injective on G e {rj). □ 

If cr(x) is not strongly primitive, polynomials like (|4|) do not necessarily induce injective maps 
on G e {rj). Below is an example. 

Example 4. Use the notations in Example[TJ Let /3 = 12u>+13 and a = — /?. The map tp : A e — > ¥ p 
is defined as tp(x) = x 2 e _ l + x e _i. Then ip(s a ) = tp{sp). 

In the following two theorems, we give three families of functions from A e to F p which induce 
injective maps on G e (rj). 

Theorem 8. Let p be an odd prime and let o~{x) be strongly primitive. The map tp : A e — > ¥ p is 
defined by 

1p(x) = /o(x e _i)/i(x ,Xi, . . . ,X e - 2 ) + f2{.X ,Xl, . . .,X e -z), 

where f G F p [x e _i] and fx, f 2 G ¥ p [x ,x 1 , . . . ,x e - 2 }. If 1 < deg/ < P, {x^ 1 - 1) \ fi and 
/i(0,0, ... ,0) 7^ 0, then the induced map ip is injective on G e {rf). 

Proof. Without ambiguity we denote fj(x) = fj(xo,x\, . . . ,x e - 2 ) for x G A e , j = 1,2. See fj(x + 
ip e ~ l ) = fj(x) for any i G ¥ p . 

Since (xq — i) \ f\ for some i G F p , there exists a G A* e satisfying fi(a) / 0, and hence ip is not 
constant on a +p e ~ l A e . Additionally, /i(0) 7^ and tp is not constant on p e ~ 1 A e . Thus, neither 
Statement (i) nor (ii) of Theorem [1] holds. 

Now suppose for some 7 G A e , tp(ja) = tp(a) for any a G A e , where m = min |i : 7* = 1 mod p e | 
and 1 < m \ p — 1. For 1 < i < e and x G A e , denote by [x] i the integer satisfying [x] i = x 
mod}) 4 and < [x] i < p l ; {x} i = (7 [x] i — [yx] i )/p' 1 mod p. Particularly, {x} = 0. Clearly, 
Wi = {a + jp l } { for any j G ¥ p . 

Claim. If a 7^ 0, then there exists k G {1,2, ...,m} satisfying |a7 fc }. 7^ 0. Otherwise, 
suppose {7^0}. = for any j G {1,2,... , m}, then (7 J a)j = {7 J-1 a} i + 7(7' J ~ 1 a)j = 7 J aj. Since 

1 < [7 Ja ]j < P*> we nave 771 5; [7 3 ' a ] • < m P* ana - h ence P l+1 t Si^i |.7 J ' a ] •• However, seeing 

7 J a = [7 J a] . +p l {^a)i mod we have 

mm mm mm 

Y b ja \i = Y b ja \i +p ia iY^ j = Y h ja \ i +p i Y^ ja ^ = Y^ ja = mod pt+1 > 

which is absurd. 

Notice V(p e_1 ^e-i) = /o(^e-i)/l(0) + /2(G). Because tp(p e ~ 1 x e - 1 'y) = tp(p e ~ 1 x e - 1 ) and 
/i(0) 7^ 0, we have /o(x e -i) = /o(7^e-i), i.e., /o(^e-i) = 5^™ 1), where g G F p [x e _i] and 
1 < deg (7 < p/m. By the assumption tpi^yx) = tp(x), we have for any A G ¥ p , tp(x+p e ~ 1 A) — tp(x) = 
tp{^x + p e ~ lr )A) — tp(*yx), implying 

(g((A + {x}^ M) m ) - /o((7*)e-i)) Ml*) = (g(A m ) - / (xe_i))/i(x). (13) 
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As above, there exists a G A* e with /i(a) 7^ 0. If /i(7*a) 7^ /i(7* _1 a) for some i € {1,2, .. . , m}, 
then the terms in A of the highest degree do not coincide in Eq. (|13p for x = 7 fc_1 a, where k = 
minjl < i < m : fi(^ l a) 7^ /i(a)}. Hence, suppose /i(7*a) = for any i G {1,2,... , m}. As 

claimed above, there exists b G {~/ l a : i = 1, 2, . . . , m} with {&}-£_! 7^ 0. Now letting x = b, the 
terms in A of the second highest degree do not coincide in Eq. (|13p . Thus, the assumption is absurd 
and Statement (hi) of Theorem [T] does not hold. 

By Theorem [H ip is injective on G e (rj). □ 
Remark 7. The polynomial is a special case of Theorem [8j and hence Theorem [8J improves 

Theorem 9. Let p be an odd prime and let o~{x) be primitive. The map ip : A e — > ¥ p is defined by 

lp(x) = X f e _ l fl(x ,Xi, . . . ,X e -2) + f2(x ,Xl, . . . ,X e _ 2 ), 

where 1 < t < p and fx, f 2 G F p [x ,xi . . .,x e - 2 ]. If (i) l = \, fx = go(xk) + gi(x Q ,x 1} . . . ,x k -i), 
gcd(p — 1, deg go + 1) = 1, 1 < deg go<pifl<k<e — 2 and xq \ g$ if k = 0; or (ii) 2 < I < p, 
(xq _1 — 1) { fx and xq \ fx; then the induced map i\) is injective on G e {r\). 

Proof. Use the same notations as in the proof of Theorem [8j 

Similarly, as (xq -1 — 1) \ fx and xq \ fx, there exists a G A* and b G pA e satisfying fi{a)f\{b) 7^ 
0, and hence ip is constant neither on a + p e ~ l A e nor on b + p e ~ 1 A e . Thus, neither Statement (i) 
nor (ii) of Theorem Q] holds. 

Now suppose for some 7 G A e , ip{j a ) = ^( a ) f° r an Y a £ A*, where m = min {i : 7* = 1 mod p e } 
and 1 < m \ p — 1. Then for any A G ¥ p , ip(x + p e ~ 1 A) — ip(x) = tp^x +p e_1 7A) — tp^x), i.e., 

fx(x)(A e - x{_ x ) = fxM(( 7 A + {x} e _ x f - MU)- 

Comparing terms in A of the (second) highest degree, we have /i(x) = 7/1(72;) and {x} e _ l fiijx) = 
if t > 2; fi(x) = 7/1 (7a?) if ^ = 1. As claimed in the proof of Theorem [8j for any a £ A*, 
there exists i G {1,2, ...,m} satisfying {7* a } e _ 1 7^ 0. If £ > 2, taking x = 7*0, we have 

/i(°0 = I e( - i+1 ^ fi(7 i+1 a ) = 0, contradictory to (xq -1 - 1) | f\. If £ = 1, for any x G A* and 
any A G F p , /i(x + p k A) — /i(x) = 7~(/i(7(x + p k A)) — f\{^fx)). Comparing the term in A of the 
highest degree, we conclude m | (deg go + !)• If gcd(p — 1, deg go + !) = !> then m \ (deg go + 1) 
since m \ {p — 1). Therefore, Statement (iii) of Theorem [1] does not hold. 

By Theorem [H under given conditions is injective on G e {rj). □ 

Remark 8. The polynomials ([2]) and ([3]) are special cases of Theorem [9J and then Theorem [9] 
improves [23|[30] . 

5 Conclusion 

We study the inherent information of a compressing map which acts on distinct primitive 
sequences generated by the same LFSR over r Ljp e TL. For an odd prime, a clear criterion of entropy 
preservation is given if (x^ -1 ** — l) /p 2 ^ a mod (p, cx(x)) for any a G ¥ p . Furthermore, we also 
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present three new kinds of entropy-preserving maps. Finally, it is of interest to consider the following 
two problems: (i) What is V(R e (a, /?)) if cr(x) is strongly primitive and {x^ q ~^ — l) 2 /p 2 = a 
mod (p, a{x)) for some a G F p ? Does it hold that V(R e (a, (3)) = {A e } if a{x) is of large degree and 
7 ^ F p ? (ii) What is exactly V(R e (a, (3)) if p = 2, a = /3 mod 2 and a(x) is strongly primitive? 
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